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We derive a simple formula for the real-space chirality of twisted bilayer graphene that can be
related to the cross-product of its sheet currents. This quantity shows well-defined plateaus for the
first remote band as function of the gate voltage which are approximately quantized for commen-
surate twist angles. The zeroth plateau corresponds to the first magic angle where a sign change
occurs due to an emergent C6-symmetry. Our observation offers a new definition of the magic angle
based on a macroscopic observable which is accessible in typical transport experiments.
Introduction. Magic-angle graphene, i.e., twisted bi-
layer graphene1–8 (TBG) at an angle of θ ∼ 1.08◦,
has attracted tremendous attention since the dis-
covery of correlated insulator states9,10 as well as
superconductivity.11–13 Moreover, it represents the first
material where Coulomb interactions can drive a system
into a topologically non-trivial state leading to a val-
ley and spin-polarised Chern band displaying anomalous
ferromagnetism.14–16 This makes TBG and also related
systems such as ABC-trilayer gaphene on a misaligned
BN-substrate17,18 an ideal platform to study the inter-
play between correlations and topology.
The focus of this Rapid Communication is on TBG’s
intrinsic chirality that gives rise to circular dichroism in
the absence of symmetry-breaking fields.19–22 Opposite
enantiomers also show different transport behavior, i.e.,
the adiabatic application of an in-plane magnetic field
provokes a longitudinal current whose direction depends
on the sign of the chiral Drude weight Dxy.
23–25 For the
continuum model,1,7 this response is related to the cross-
product of the sheet current densities
Dxy =
1
2A
∑
k,n
ez · (j1k,n × j2k,n)δ(k,n − EF ) , (1)
where j`k,n = 〈k, n|j`|k, n〉 and k,n and |k, n〉 denote the
eigenvalues and eigenvectors, respectively, with k inside
the first Brillouin zone. A labels the area of the sample
and j`i is the current operator of layer ` = 1, 2.
Eq. (1) is the main result of this Rapid Communi-
cation and will be derived below. It allows for an easy
evaluation and further provides an intuitive interpreta-
tion of electronic chirality. A slightly modified formula
which evolves the cross-product between one sheet cur-
rent and the total current would also hold for a general
tight-binding model.26
Due to an approximate particle-hole symmetry, Dxy
changes sign at the neutrality point, but interestingly,
there are also sign-changes at finite carrier density that
extend over a large energy range for fixed twist angle, see
Fig. 1. Dxy thus defines a set of magic angles that is not
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FIG. 1. Upper panels: Density of States (left) and chiral
Drude weight (right) as function of the twist angle θ and
Fermi energy EF . For Dxy, there are sign changes indicated
by the black line. In addition to the horizontal line at EF =
0, approximate vertical lines define magic angles where the
chirality sign changes for finite range of EF . These angles are
signaled by arrows in the corresponding axis. Lower panels:
The chiral Drude weight in units of t(e/~)2 for large twist
angles with i = 10, 15, 20 (left) and for small twist angles with
i = 26, 28, 30, 32, 34 (right) as function of the Fermi energy
EF . Twist angles are parametrised by cos θi =
3i2+3i+1/2
3i2+3i+1
and t = 2.78eV denotes the in-plane hopping parameter.
limited to the flat band, but also extends to the remote
bands.
Dual energy bands of TBG. In order to gain more in-
sight regarding the sign-change of Dxy, let us first dis-
cuss the spectrum close to the magic angle. The band
structure of twisted bilayer graphene can be understood
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2FIG. 2. Upper panels: Band structure of the first valence and conduction bands for the two valleys at i = 28. The change in
chirality is clear with respect to the first valence and conduction bands as well as with respect to the two valleys. Lower panels:
The band structure of the first two valence and conduction bands for the twist angle at i = 30. Notice that the emergent
symmetry of C6 is also present in the second valence and conduction band, respectively.
from the hybridization of the Dirac cones of the two car-
bon layers. Under the twist of the layers, their respective
Brillouin zones (BZs) undergo a relative rotation, leading
to a mismatch ∆K of the Dirac nodes at the K points.
The low-energy bands of twisted bilayer are then folded
onto two smaller Moire´-BZs which correspond to the two
different valleys.
In the continuum model, the low-energy bands are ob-
tained separately for each of the two independent Moire´-
BZs. For one valley, we have the Hamiltonian
HR = vF
 0 −i∂x − ∂y + i∆K/2 VAA
′(r) VAB′(r)
−i∂x + ∂y − i∆K/2 0 VBA′(r) VAA′(r)
V ?AA′(r) V
?
BA′(r) 0 −i∂x − ∂y − i∆K/2
V ?AB′(r) V
?
AA′(r) −i∂x + ∂y + i∆K/2 0
 , (2)
where vF is the Fermi velocity of graphene and
VAA′(r), VAB′(r) and VBA′(r) are the respective inter-
layer tunneling amplitudes between regions of stacking
AA,AB, and BA. The Hamiltonian HL operating in the
other Moire´-BZ is similar to HR, with the only differ-
ence that the shift ∆K is replaced by −∆K and the mo-
mentum kx is reversed after changing from one graphene
valley to the other.
The low-energy bands εL(k), εR(k) obtained from the
respective Hamiltonians HL, HR do not have in general
the same shape, but they are mapped onto each other
by the transformation kx → −kx. This corresponds to
the fact that the lattice of the twisted bilayer remains
invariant under a mirror-symmetry transformation about
the y-axis in real space, accompanied by the exchange of
the two carbon layers. In general, each of the bands
εL(k) and εR(k) does not have separately such a mirror
symmetry under the reversal kx → −kx, as shown in the
upper panels of Fig. 2. There we also observe that the
shapes of the valence and conduction bands are mapped
onto each other under the dual transformation kx → −kx.
Looking at the first valence and conduction bands,
however, we see that there is a special twist angle at
which the symmetry is enlarged, as the mirror symme-
try kx → −kx becomes realized within each Moire´-BZ
of the twisted bilayer, see lower panels of Fig. 2. The
value of such a critical twist angle is in the regime where
the first magic angle is usually located, also discussed in
the Supplemental Material of Ref.27. For the parameters
that we have used in our calculation with t = 2.78eV and
Fermi velocity vF = 4.2 eV×a, a being the C-C distance,
and interlayer coupling w = 0.11 eV as defined in Ref. 7,
the angle at which we find the enlarged symmetry corre-
sponds to the index i = 30, in the sequence of commensu-
rate lattices with θi = arccos((3i
2+3i+0.5)/(3i2+3i+1)).
The approach to the critical angle is clearly noticed in
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FIG. 3. (a) Plot of the deviation from mirror symmetry
ε(kx, 0)−ε(−kx, 0) of the highest valence band within a single
valley of twisted bilayer graphene, as a function of the index
i in the sequence of commensurate superlattices. The vertical
line at i = 30 corresponds to the point of almost complete
mirror symmetry realized at the first magic angle of twisted
bilayer graphene, the rightmost arrow in Fig. 1 (b). Other
approximate symmetry lines at i = 50 and i = 63 correspond
to higher-oder magic angles, also marked by arrows in Fig. 1
(b). (b) Density plot of ez · (j1k× j2k) of the first valence band
at i = 30 on the first Brillouin zone. The black line indicates
the sign change of ez ·(j1k×j2k), the red and green lines denote
the Fermi lines for two characteristic Fermi energies EF .
the contour plots of the low-energy bands, as they are
promoted to a C6 symmetry which is in general absent
within each Moire´-BZ.
We observe, therefore, that there is a critical angle at
which an enhanced symmetry is realized in the twisted
bilayer. This is indeed an emergent symmetry, since it
is not implied by the symmetry transformations in the
lattice of the bilayer. The location of the critical angle
can be taken as a more precise identification of the magic
angle, as this is usually referred to a situation where the
first valence and conduction bands become flat, while in
practice such a flatness is only approximate. In the case
of the critical angle here described, the realization of the
emergent mirror symmetry is, however, very precise, as
seen in Fig. 3 (a). Moreover, the location of the critical
angle has a clear observational counterpart, since it cor-
responds to the point where the sense of chirality is lost
in the twisted bilayer, in accordance with the enhanced
symmetry of the low-energy bands. Also approximate
symmetry lines at i = 50 and i = 63 correspond to sign
changes in Dxy, as is indicated by the two left arrows of
Fig. 1 (b).
Chiral Drude weight. Even though the spectrum of two
different enantiomers is identical, the change of chirality
can be related to an emergent C6-symmetry that is seen
in the band structure, i.e., usually, parity is broken in
one valley and the bands only display a C3-symmetry.
Moreover, valence and conduction bands show dual C3-
symmetries which suggests a sign change at the neutrality
point.
However, chirality cannot be discussed using the band-
structure alone, but only in connection with the eigen-
values as is clear from its definition, Eq. (1). In the
following, we will recall the introduction of the observ-
able Dxy based on linear response theory that character-
izes the chirality of the electronic subsystem of twisted
bilayer graphene.23,24 As mentioned in the introduction,
this chirality does not necessarily have to coincide with
the chirality of the underlying atomic system.
Dxy is the low frequency limit of the
current-current correlation function χj1x,j2y (ω) =
− i~
∫∞
0
dteiωt〈[j1x(t), j2y ]〉, i.e., Dxy =limω→0χj1x,j2y (ω).
Dxy can, therefore, be denoted as chiral or Hall Drude
weight. This quantity needs to be contrasted with the
total Drude weight defined by DT =limω→0χji,ji(ω)
with the total current ji = j
1
i + j
2
i in direction i = x, y.
Since the total Drude weight is related to the inverse
mass tensor, it can be calculated from the knowledge of
the band structure as DT =
1
A
∑
k,n
(
e
~
∂k,n
∂kx
)2
δ(k,n −
EF ). Interestingly, also the chiral Drude weight can
be written in terms of a generalized density of states.
This can be derived by relating the equilibrium response,
χjajb , and the adiabatic Drude response, Djajb , via the
contact term24
χjajb = Djajb +
1
A
∑
k,n
jak,nj
b
k,nδ(k,n − EF ) . (3)
Eq. (1) now follows from gauge invariance,24 i.e., from
the absence of current-carrying states in equilibrium
χj1x,j2y = 0,
28 and rotational symmtery, i.e., Dj1x,j2y =
−Dj1y,j2x . Its definition also implies that Dxy is an odd
function with respect to the twist angle θ. For the
particle-hole symmetric continuum model, one further
has the exact symmetry Dxy(EF ) = −Dxy(−EF ). The
effect of temperature can be included by the usual re-
placement of the δ-function by the derivative of the Fermi
function.
Let us recall that the Hall Drude weight gives rise to
the longitudinal Hall effect,23 j = −aDxyB, where a ∼
3.4A˚ is the distance between the two layers and B is the
in-plane magnetic field causing the longitudinal current
j. This is not an equilibrium property, but the response
to the adiabatic introduction of the field, thus accessible
to slow driving transport experiments in clean samples.
The results for Dxy as function of the Fermi energy
are obtained from the continuum model of TBG1,7 and
summarized in Fig. 1. For large angles, there is a sign
change at the neutrality point as the carrier type changes
from holes to electrons. This is reminiscent of the ordi-
nary Hall effect. But for the twist angle with i = 30, i.e.,
θ30 = 1.08
◦, we observe an abrupt change in chirality for
Fermi energies up to EF ∼ ±75meV corresponding to
the second valence and conduction band, see rightmost
arrow in Fig. 1 (b). This energy scale also coincides with
the second van Hove singularity branch of the Density of
States (DOS) at twist angle θ30 and a fractal structure
develops in both the DOS and Dxy for lower twist an-
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FIG. 4. Upper panels: The chirality Dxy (black full line) as
function of the Fermi energy for i = 28 and i = 30. Also
shown the contributions of the 3rd VB (red dashed line), 2nd
VB (blue dashed-dotted line), 2nd CB (red dashed-dotted
line), 3rd CB (blue dashed line). Lower panels: D′xy for the
electron-hole symmetric model that only contains the contri-
bution from the 2nd and 3rd valence and conduction bands.
gles. For Dxy, there are further sign changes inside the
dome which define higher-order magic angles, indicated
by the two left arrows in Fig. 1 (b). In contrary to the
first magic angle, these do not coincide with those ob-
tained in Ref. 7, but to an approximate C6-symmtery as
discussed in Fig. 3 (a).
Let us finally note that the chirality has been calcu-
lated for the continuum model with equal interlayer hop-
ping in the AA- and AB-region at low temperature. At
room temperature, the change in chirality around the
magic angle is lost. Gradually reducing the hopping in
the AA-region leads to a overall reduction of Dxy until
it vanishes for all twist angles at tAA = 0 for which the
C6-symmetry has been recovered.
29,30
Quantized plateaus at remote bands. With an emergent
C6-symmetry, the chiral Drude weight vanishes for Fermi
energies within the first valence band (VB) and conduc-
tion band (CB), respectively. The absence of Dxy is due
to a non-trivial cancellation of ez·(j1k×j2k) when summing
its contribution around the corresponding Fermi lines at
fixed EF . This can be seen in Fig. 3 (b), where we show
the density plot of this quantity for the first valence band
at i = 30 on the first Brillouin zone. The black line in-
dicates the sign change of ez · (j1k,n × j2k,n), the red and
green lines denote the Fermi lines for two characteristic
Fermi energies.
Interestingly, there is also an almost perfect cancella-
tion of Dxy within the second VB and CB which comes
from the interplay with the third VB and CB. Further-
more, for twist angles close to the magic angle both re-
mote bands give rise to a plateau-like structure. This can
be seen in the upper panels of Fig. 4.
There is an approximate quantization of the plateau for
commensurate twist angles with i . 30. This is shown
on the lower panels of Fig. 4, where the plateaus are
almost equally spaced for integer number i with ∆Dxy =
0.00046t e
2
~2 . For i & 30, this quantization becomes worse.
For the sake of clarity, we plotted D′xy for the electron-
hole symmetric model that only contains the contribution
from 2nd and 3rd valence and conduction bands.
Summary. We have introduced a simple formula of
a macroscopic quantity that defines the chirality of the
electronic subsystem of TBG. This quantity changes sign
due to an emergent C6 symmetry that occurs when the
highest VBs as well as the lowest CBs from the two val-
leys, both endowed with dual C3 symmetries, merge and
eventually cross at the magic angle. Interestingly, this
happens for all wave numbers at approximately the same
twist angle. Even more noteworthy, we find the absence
of chirality on a much larger energy scale which natu-
rally leads to a new definition of a magic angle, i.e., the
angle for which the chirality of the system vanishes that
should be detectable in in-plane magneto-resistance mea-
surements. For commensurate angles greater than the
magic angle, we find an approximate quantization of Dxy
for Fermi energies within the first remote band. Hope-
fully, our findings will give new insights in the underlying
physics leading to the emergence of flat bands at magic
angles.
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